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Abstract. For re being the first uncountable cardinal ui or re being the cardi- 
nality of the continuum c, we prove that it is consistent that there is no Banach 
space of density re in which it is possible to isomorphically embed every Ba- 
nach space of the same density which has a uniformly Gateaux diffcrcntiablc 
renorming or, equivalently, whose dual unit ball with the weak* topology is a 
subspace of a Hilbert space (a uniform Eberlein compact space). This com- 
plements a consequence of results of M. Bell and of M. Fabian, G. Godefroy, 
V. Zizler that assuming the continuum hypothesis, there is a universal space 
for all Banach spaces of density re = c = u)\ which have a uniformly Gateaux 
diffcrcntiable renorming. Our result implies, in particular, that /3N \ N may 
not map continuously onto a compact subset of a Hilbert space with the weak 
topology of density re = u}\ or re = c and that a C{K) space for some uniform 
Eberlein compact space K may not embed isomorphically into loa/cQ. 



1. INTRODUCTION 

A classical result of Banach and Mazur states that every separable Banach space 
can be isometrically embedded into the Banach space C([0, 1]). In this paper we 
deal with the problem of embedding nonseparable Banach spaces of a given class 
into a single nonseparable space. We are interested in the two most important 
uncountable densities, lo\ and c. Since a continuous onto map <f> : K —> L (for 
K, L compact Hausdorff spaces) gives an isometric embedding T(f) = f o tp of the 
Banach space C(L) into C(K), we have the following strictly related notions of 
universality: 

Definition 1.1. Let X be a class of Banach spaces. We say that X € X is 
(isometrically) universal space for the class X if for every Y £ X there is an 
(isometric) isomorphism onto its range T :Y —> X. 

Let K be a class of compact Hausdorff spaces. We say that K 6 K. is a universal 
space for the class 1C if for every L 6 K, there is a continuous onto map T : K — > L. 

The following proposition shows that universal compact Hausdorff spaces and 
universal Banach spaces are closely related: 

Proposition 1.2. Suppose K, is a class of compact Hausdorff spaces and X is a 
class of Banach spaces such that for each K G K,, C(K) G X and for each X G X , 
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the dual unit ball Bx* with the weak* topology is in IC. If K is a universal compact 
space for IC, then C(K) is an isometrically universal Banach space for X . 

Proof. Let X £ X. It is well known that X isometrically embeds into C(Bx*)- By 
the hypothesis Bx* S IC and so K continuously maps onto Bx* , which means that 
C(Bx*) isometrically embeds into C{K). Composing this isometric embedding 
with the isometric embedding of X into C(Bx») 7 we obtain the desired embedding 
of X into C(K). □ 

Let k be an infinite cardinal. Examples of pairs of classes IC and X satisfying 
the hypothesis of the above proposition are: 

• the class of all compact spaces of weight < k and the class of all Banach 
spaces of density < k; 

• the class of all Eberlein compact spaces (compact subsets of Banach spaces 
with the weak topology) of weight < k and the class of all weakly compactly 
generated Banach spaces (WCG) of density < k; 

• the class of all uniform Eberlein compact spaces (compact subsets of Hilbert 
spaces with the weak topology) of weight < k and the class of all Banach 
spaces which have a uniformly Gateaux differentiable renorming (UG) of 
density < k. 

The nonexistence of a universal Banach space implies, by the above, the nonexis- 
tence of a corresponding universal compact space, but the opposite direction is not 
immediate. There are some reasons for this. First, C(K) may be universal without 
K being universal, as in the case of K = [0, 1] for the class of separable Banach 
spaces and metrizable compact spaces (however C(K) is isomorphic to C(A) where 
A is the Cantor set, which is universal for metrizable compact spaces). Secondly, 
there are universal Banach spaces which are not isometrically universal. For exam- 
ple, consider a strictly convex renorming (||x + y\\ = 2 for ||x|| = ||y|| = 1 implies 
x = y) of C([0, 1]) (which exists by Theorem 9 of [5]) and notice that this space 
continues to be an isomorphically universal space but cannot isometrically include 
spaces whose norm is not strictly convex. 

In the case of nonseparable Banach spaces we encounter mainly negative results 
concerning universality or results showing that to obtain a universal space one has 
to assume additional set-theoretic axioms. For example, it was proved in [5] that 
there are no universal WCG Banach spaces of density uj\ or c nor universal Eberlein 
compact spaces of weight w± or c. 

Assuming the continuum hypothesis, the compact space f3N \ N is a universal 
compact space of weight c and by the above proposition £oo/cq = C(f3N \ N) is 
an isometrically universal Banach space for the class of spaces of density c = u)\ . 
However, it was shown in [7] that it is consistent that there is no isomorphically 
universal space of density c. K. Thompson and second author noted that a version 
of the proof from [7] gives the consistency of the nonexistence of a universal Banach 
space of density u)\ . 

In [3] M. Bell showed that assuming k u — k there is a universal uniform Eberlein 
compact space of weight k. M. Fabian, G. Godefroy and V. Zizler showed that the 
class of Banach spaces satisfying the hypothesis of Proposition 11.21 corresponding 
to the class of uniform Eberlein compact spaces is the class of UG Banach spaces. 
So, these two results imply by Proposition [L2] that there are universal UG Banach 
spaces of density c = w\. M. Bell also showed in [3] that it is consistent that there 
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is no universal Eberlein compact of density cji . The main result of this paper is to 
complement the above result by its Banach space version. Actually the full result 
is considerably stronger: 

Theorem 1.3. For k = u\ and for n — c, it is consistent that there is no Banach 
space X of density k such that every UG Banach space of density k embeds into 
X. In particular, there is no universal Banach space for the class of UG Banach 
spaces of density k. 

As in the case of the class of separable spaces the notions of universality and 
isometrical universality do not coincide for the class of UG spaces: a universal UG 
Banach space may not be an isometrically universal UG Banach space and this 
follows from the fact that WCG Banach spaces can be renormed to be strictly 
convex (see pQ). 

The above theorem implies in particular that, consistently, £oc/cq does not con- 
tain an isomorphic copy of some UG Banach spaces of density c. This is related to 
some recent results of M. Dzamonja and L. Soukup [5] as well as to recent results 
of S. Todorcevic ([13]) concerning the consistent existence of C(K)s for K Corson 
compact which do not embed into ^oo/co- Also, the arguments like in the proof of 
Proposition 11.21 give that /3N \ N cannot be mapped onto some compact subset of 
a Hilbert space with density K with the weak topology. 

The notation is fairly standard, the Banach spaces terminology follows [9] and 
the set-theoretic terminology follows 11 . Given a function /, we denote by Gf 
the graph of /. Fn <u (n, D) stands for all finite partial functions from {0, ...n — 1} 
into D and Fn <bJ (uj,D) (resp. Fn<uj((jJ, D)) for all finite (resp. countable) partial 
functions from 10 into D. If X is a set, then [X] 1 denotes the collection of one- 
element subsets of X. If A is a Boolean algebra and a £ A, then [a] denotes the 
basic clopen set of the Stone space of A determined by a, that is the set of all 
ultrafilters of A containing a. A partial order has precaliber cji if and only if every 
uncountable subset of it includes an uncountable subset where every finite subset 
has a lower bound. 

Definition 1.4. A Boolean algebra A is a (c)-algebra if it is generated by elements 
{A^ i : £ < K,i < cu} of countably many pairwise disjoint antichains Ai — {A^i : 
£ < k} (collections of pairwise disjoint elements of A) such that 

(c) A ilM V ... V A imiim ^ \ A for any distinct pairs {i m ,£ m ) £ u x k. 

We use the fact proved in [3] (Theorems 2.1 and 2.2) based on the results of [6] 
that the Stone space of (c)-algebra A is a uniform Eberlein compact space. The 
link between uniform Eberlein compact spaces and UG Banach spaces is based on 
the following: 

Theorem 1.5 (Theorem 2, [10]). 

(1) A Banach space X admits an equivalent uniformly Gateaux differentiable 
norm if and only if the dual unit ball Bx* equipped with the weak* topology 
is a uniform Eberlein compact. 

(2) A compact space K is a uniform Eberlein compact if and only if C(K) 
admits an equivalent uniformly Gateaux differentiable norm, if and only if 
there is a Hilbert space H and a bounded linear operator from H onto a 
dense set in C(K). 
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The main idea of the proofs is to construct a large family of generic c-algebras 
and prove that given a UG Banach space X one of the algebras is suficiently generic 
over X to prevent a possibility of an isomorphic embedding of the Banach space 
C(K) where K is the Stone space of the algebra. The c-algebras are constructed 
by partial order of approximations (see definitions 12.11 and 13- 1[) and the method of 
forcing is used to make conclusions about their consistent existence (see [llj). 

2. Density uj\ 

This section is devoted to the proof of the main result (Theorem ll.3[) for the 
case k — uji . The following partial order will approximate the generic c-algebras of 
cardinality oji , one of which will induce a Banach space UG without an isomorphic 
embedding into a given Banach space UG. 

Definition 2.1. P is the forcing notion consisting of conditions p = (n p , D p , F p ) 
where n p £ ui, D p £ [^>i] <u) and F p C Fn <u (n p , D p ) are such that \F p \ < U) and 
[n p x Dp] 1 C F p , ordered by p < q if n p > n q , D p D D q , F p D F q and 

(P) given f £ F p , there is g £ F q such that G/ H (n q x D q ) C G g . 

Given a model V and a P-generic filter G over V, for each £ £ and each i £ oj, 
we define in V[G] the following set: 

M,i = if e Fn <UJ (uj,uJi) :3p £ G such that f £ F p and f(i) = (,}. 

Let B be the subalgebra of the Boolean algebra p(Fn <ul (u, oji)) generated by the 
sets {A^ yi :(j,()ewx cji}. 

Lemma 2.2. For every £ £ uii, i £ lu and every q £ P there is p < q such that 
£ £ D p and i < n p . 

Proof. Let n p = max(i + 1, n q ) and D q = D p U {^}, F p — F q U [n p x Dp] 1 . Clearly 
p £ P. As the graph of every new partial function in F p has empty intersection 
with (n q x D q ), we conclude that p < q. □ 

Proposition 2.3. In V[G], we have that for every i £ uj, (A^ 7 i)^ <ull are pair- 
wise disjoint nonempty sets such that whenever («i,£i), (ik,(,k), (hO are distinct 
pairs, then 

^\(4,ftU...u4 4 )^. 

Therefore, the Boolean algebra B generated by them is a c-algebra of cardinality uj\ 
and its Stone space K is a uniform Eberlein compact space of weight oji . 

Proof. For all distinct (ii,£i), (ik,£,k), by |2.2l we have 

{(U)}e4A(4,ftU...u4 w J. 

So each A^^ is nonempty and the condition (c) of Definition 11.41 is satisfied. It 
also follows directly from the fact that /'s are functions and that (i,£) £ A^^ that 
(A^^)^ <UJ2 are pairwise disjoint and nonempty. □ 

For each (z,£) £ uj x cot, let A^^ be a P-name for A^.i. 

Definition 2.4. Given pi — (ni, D±, F{),p2 — iji2, D2, F2) £ P, we say that they 
are isomorphic if n± — 712 and there is an order-preserving bijection e : D\ — > D2 
such that elujnUs = id and for all f £ Fn <ul {u,uii), f £ F\ if and only if e[f] £ F2, 
where e[f]{i) = e(f(i)). 
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Lemma 2.5. Let pk = (n, Dk, Fk) in P, for I < k < m, be pairwise isomorphic 
conditions such that {Dk)i<k<m is a A-system with root D. Then, there is p G P, 
P < Pii ■ ■ ■ ,Pm such that for any distinct 1 < i, %' < n, any distinct 1 < k, k' < m 
and any £ G Dk \ D and f G Dy \ D we have 

pihA fii ni fii , =0. 

Proof. We define p — (n p , D p , F p ) by letting n p = n, D p = D\ U • • • U D m and 
F p = F\ U ■ • • U F m . Let us prove that p G P and that p < pk for every 1 < fc < m. 

As finite unions of finite sets, D p and F p are countable. Notice that [n x Dp] 1 = 
[n x Di] 1 U • • • U [n x Dm] 1 C Fi U • • ■ U F m = F p and that F p C Fn <u) {n, D x ) U 
• ■ ■ U Fn <UJ (n, D m ) C Fn <UJ (n, D p ), so that p G P. 

Fix 1 < fc < m and let us now show that p < Pk- By the definition of p, n p = n, 
-Dp 3 Dfe and i 7 ^ D i 7 ^- Given / G F p , (P) of Definition 12.11 is trivially satisfied if 
f £ Fk- So, suppose / G Fy \ Fk for some fc' ^ k and let e be the order-preserving 
bijection from Dk> onto Dk- Since and pfc< are isomorphic and / G Fy , we get 
that g = e[f] G Ffc. Let us prove that Gf n (nj; x Dfc) = G g n (n p xD)C G ff : given 
(i, ^) G G/ n (n/s x Dfc), we have that /(i) = £ and since / G i*V C n p x Dy , we 
get that £ G D k r\D k ' = D. Then = e[/](z) = e(/(i)) = e(£) = £, since £ e D. 
This proves that G/ H (nfc x 13^) C G g and concludes the proof that p < Pk for all 
1 < k < m. 

Now let 1 < i, i' < n be distinct, 1 < fc < fc' < m and let £ G Dk \ D and 
£' G Dy \ D. Note that in F p there is no function / such that f(i) = £ and 
f(i') — £'. Let G be a P-generic filter such that p G G. Given any p' G G, there is 
p" G G such that p" < p,p'. By (P) of Definition 12. 11 no function g G F p >> satisfies 
g(i) = £ and g(i') — £', hence there is no such function in p'. It follows from the 
definition of A^^s that A^^CiA^^ = in V[G]. Since G was an arbitrary P-generic 
filter containing p, we conclude that p\\- A^ i f] Ae, v = 0. □ 

Theorem 2.6. P /ias precaliber w\ and hence satisfies the c.c.c. 

Proof. Let (pct)a<cji C P, where each p a = (n a , D a , F a ). By the A-system lemma, 
we may assume that (D a ) a<u>1 is a A-system with root D. By standard counting 
arguments, we may assume without loss of generality that n a — n for every a < u>\ 
and some fixed n G Ui. By thinning out using further counting arguments, we 
can assume that for every a < /3 < u)\, p a and pp are isomorphic. Now, given 
ct\ < ... < a„ < cji, by Lemma \2. 51 there is p < p ai , ...p an . □ 

Lemma 2.7. Let pk = (n, Dk, Fk) in V, for 1 < fc < m, be pairwise isomorphic 
conditions such that (Dk)i<k<m is a A-system with root D. Given, for all 1 < k < 
m, £fe G Dk \ D and distinct ik < n, there is p G P, p < pi, . . . ,p m such that 

Proof. We define p = (n p , D p , F p ) by letting n p = n, D p = D\ U • • • U D m and 

F p =F 1 U---UF m U{/ }, 

where /o = {(ii, £i), • • ■ , (i m ,^ m )}. Let us check that p G P and that p < Pk for 
every 1 < fc < m. 

As finite unions of finite sets, D p and F p are finite. Notice that [n x -Dp] 1 = [n x 
DipU-'UtjixflJ C FiU- • -UF m C F p and that F p \{/ } C Fn <u {n, D^U- ■ -U 
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Fn <UJ (n, D m ) C Fn <ul (n,D p ). Since f G Fn <a ,(n,DiU- • 'UD m ) C Fn <ul (n,D p ), 
we get that peP. 

Fix 1 < fc < to and let us now verify that p < Pk- By the definition of p, n p = n, 
-Dp 3 -Dfc and F p D Ffe. To check (P) of Definition l2.1[ given f £ F p , let us consider 
three cases: 

Case 1. If / G F/j, then (P) is trivially satisfied. 

Case 2. If / € i<V \ Fk for some A;' ^ fc, let e be the order-preserving bijection 
from Dk> onto Dk- Since pk and p/c< are isomorphic and / G Fy, we get that 
g = e[f] G Ffc. Let us prove that G/ (~l (nk x Dfc) = G 9 fl (n p x D) C G g : given 
(£, () eG/fl (rife x Z\.), we have that f(i) = £ and since / G Fy Q n p x we 
get that £ G Dk fl A- = D. Then g(i) = e[f](i) = e(f(i)) = e(£) = f, since £ G £>. 
This proves that G/ fl (n^ x Q G g , as we wanted. 

Case 3. If / = / = • • • , (*m, C™)}, then G/ n (n* x D fc ) = {(**, £ fe )} C 

F fc by Definition O 

Finally, since fo G F p , p forces that fo G A? til H • • • R i m) so that 

which concludes the proof. □ 

Definition 2.8. £ is i/ie product of 0J2 copies o/P, with finite supports, that is, 

£ = {ct : doTO(o-) -> P : doTO(cr) G [w 2 ] <LJ }, 

ordered by o\ < (72 if dom(o~i) 3 domia-i) and for every a G dom(a-i), o"i(a) < 
172(a). Given A C cj2, /et 

XU = {cr G £ : doTO(cr) C A}. 

Proposition 2.9. Given 70 G W2, if A — {70}, iftera i/ie forcing is isomor- 
phic to S. 

Proof. Lift to P a bijection between CJ2 and W2 \ {70}- D 

Theorem 2.10. F s N 'Were is no Banach space X of density uj\ < c smc/i i/iai 
/or every uniform Eberlein compact space K of weight at most uj\, C(K) can be 
isomorphically embedded into X ". 

Proof. We work in V. By contradiction, suppose that such a Banach space exists 
in V s and let I be a S-name for it. Since S forces that X has density wi, let 
(Vr])ri<wi be a family of S-names such that £ lh {{>,, : 77 < uii} is a dense subset^ of 
X. 

For each F G [wi] <LJ , let C S be a maximal antichain in £ such that for 
every a € Ap, 

either cr lh || > 2 or a II- || ^ < 2. 

Since £ is ccc, each Ap is countable and for each a G Ap , \dom(a)\ < uj. Then, 
the set 

\^{dom(a) : a G Ap for some F G [uji] <ul } 

1 Unfortunately, the Banach space X will not belong to any intermediate model, so we cannot 
make use of any factorization of S unless we are willing to deal with normed non-complete spaces 
over the rationals and approximations (possibly nonlinear) of linear operators into its completion. 
We have choosen a simpler approach, in our opinion, and work in V with the full product S. 
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has cardinality at most uj\. Fix 70 G L02 such that for every F £ [wi] <w and every 
er G Af, 70 ^ dom(a). 

Since S ~ E^ x E{ 7o } ~ Sa x P, let us consider in y s - 4XS <™} ; the Stone space 
K lQ of the algebra generated by the family (-<4.£,i(7o))£eun,»ew added by E{ 7o j ~ P 
over V Y ' A . By Proposition 12.31 K l0 is a uniform Eberlein compact of weight u>i 
and let us show that C(K l0 ) does not embed isomorphically into X. For each 
S w x wi, let be a E-name for A^^^q). 

Suppose there is T : C(K l0 ) — > X an isomorphic embedding and without loss of 
generality, assume that S lh ||T|| = 1. Let po G now find p\ < po & n d m G u> 
such that px lh 3- < m. 

For each a < Wi, let { : 1 < k < to} C u>% \ a have cardinality to and take 
er Q G E with a a < pi and . . . r) m (a) G wi such that 

t q lh VI < k < m \\T{XA ik(ahk ( 70 )) ~ < ^- 

Let s„ = a- a L 2 \{7o} G S " 2 \{7o} and ^(70) = (n a ,D a ,F a ). Without loss of gener- 
ality, we may assume that £1(0;), . . . , £m(aO G D a . Using the A-system lemma, we 
may assume that (D a ) a<UJ1 is a A-system with root D and that £i(a), . . . , £ m (a) G 
D Q \ D for each a < lui and for all a < lui the conditions <7 a (7 ) are pairwise 
isomorphic. 

By Proposition 12.91 E W2 \{ 7o } is isomorphic to E and since, by the productivity 
of precaliber uj\ and Lemma 12.61 E has precaliber uj\, so does E W2 \,r 7n }. So, given 
a% < ■ ■ ■ < a m , there is s G E W2 \{- 70 } such that s < s ai , . . . , s Qm . 

Let -F = {?7i(ai), . . . , rj rn {a rn )} and since A/? is a maximal antichain in E which 
is contained in E^v j To \, A/? is also a maximal antichain in E W2 \{ 70 }.. Then, there 
is s' e A f and s" G E W2 \{- 70 } such that s" < s,s'. 

Since s" < s' and s' G Ap, either 

s " ^ ll^iCa:!) + h ^ m(am) || < 2 

or 

«" Ni(«i) + ••• + *««,(<«») II >2 ' 
Let us now get a contradiction. 

Case 1. s" forces that Hi^m) + • • ■ + Ujj m (a m )|| > 2. 

In this case, let p G P be such that p < a ai (70), • • • , c Qm (70) obtained by Lemma 
12.51 and let a — {s" ,p) G E. Then, a < s" ,p and a < a ai , . . . ,cr am . So, 

a lh VI < k < k' < m A^^nA^^^^o) = 

so that 

° ' h H X [^-iC«i),h (70)1 + • • • + X lA imlam) , im (7o)] II = L 

Since cr < <r Ql , . . . , a am , 

a lh VI < k < m WTiXiA^^)]) ~ <W)H < ~> 
so that, using the fact that E lh ||T|| = 1, we get that 

<T^~ II^i(qi) H 1" *r7m(a m ) II 

m m 

< llE^(^) -^[i 4(Qfc) , I)t (7o)])) + E^[A |fc(Q)t) , I)t (7o)])ll 
fe=l fc=l 

- Ilx [^-i«n),n (7o)l + • • ' + ^^ 5m(Qm) , lm (7o)] II + m • i < 2, 
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contradicting the fact that o < s" and 

s " ^ \\<>rii(ai) H !-^m(am)ll > 2 ' 

Case 2. s" forces that ||«rh(ai) + • • • + ^ m ( Qm )|| < 2. 

In this case, let p G P be such that p < cr ai (70), . . . , a am (70) obtained by Lemma 
12.71 and let a — (s",p) G S. Then, a < s",p and a < a ai , . . . ,cr Um . So, 



■6(a 1 ),i 1 (7b)n-.-n^ m(am)iim (7o)^0 



ah A 
so that 

a ' h (70)] + ' ' ' + ^[^ m(Qm) , Im (70)] II = m - 

Since a < a ai , • ■ • , cr Qm , 

fflhVl <k<m ll^(X[i c - feC „ fe)i4fe ( 7o )])-^K)ll < -, 
so that, using the fact that a < s" , we get that 

fflh ll t ^ 1(aiWl] + --- + x [ ^ )i<tii] )ll 

m m 

< II I^(X[A 4Cafc)iifc ( 70 )]) ~ fy fc (a fc )) + II 

fc=l ' ' fe=l 

< Il%(a0 + ■ ' ' + %„(a m )|| + m- ^ < 3, 

which contradicts the fact that £ lh 3 • < m. 

Since the condition po G S was arbitrary, we showed that a dense subset of £ 
forces the nonexistence of the embedding T, hence it does not exist in V[G}. □ 

3. Density c 

This section is devoted to the proof of the main result fOl for the case k = c. The 
following partial order will approximate the generic c-algebras of cardinality UJ2 = c, 
one of which will induce a Banach space UG without an isomorphic embedding into 
a given Banach space UG. 

Definition 3.1. Q is the forcing notion of conditions q = (D q ,F q ) where D q G 
[u>2] u ond F q C Fn< u {uj,D q ) are such that \F q \ < uj and [uj x Dq] 1 C F q , ordered 
by P < q if Dp D D q , F p D F q and 

(Q) given f G F p , there is g G F q such that Gf D (uj x D q ) C G g . 
Proposition 3.2. Q is a-closed. 

Proof. Let (g n )new £ Q be such that g n +i < g« for all n G where each g n = 
(D n , F n ). Define g = (D q , F q ) by D 9 = \J neu D n and F g = \J neu F n . As countable 
unions of countable sets, D q and F q are countable. Also, [uj x I?^] 1 = U n ew([ w x 
Dn} 1 ) C Unec^n - ^ and F 9 C U„e« Fn <«( w > I> '») ^ Fn^w.D,), so that 

Fix n G u; and let us now prove that g < g n . Clearly D q D D n and F q D D n . 
To prove (Q) of Definition 13.11 given / G F q , there is k G uj such that / £ ft. 
If fc < n, then g„ < g^, so that / G Fk C F n and we are done. If fc > n, since 
gfc < g«, there is g e f n such that G/ (~l (w x D n ) C G g . If suffices now to notice 
that g e F n C F q . □ 

Lemma 3.3. for every £ G W2 afirf every q G Q i/iere is p < q such that £ G Z? p . 
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Proof. Let D q = D p U {£}, F p = F q U [to x L^}] 1 . Clearly peP. As the graphs of 
all new partial functions in F p have empty intersections with (uj x D q ) we conclude 
that p < q. □ 

Given a model V and a Q-generic filter G over V, for each (£0)2 and each i E to, 
we define in V[G] the following set: 

A^i = {/ G Fn< w (cj,w 2 ) : 3g g G such that f E F q and /(i) = £}. 

Let £? be the Boolean algebra generated by {A^j : G w x c^}- 

Proposition 3.4. In V[G], we /icwe i/iai /or every i E uj, (A^ j j)j< W2 are pair- 
wise disjoint nonempty sets such that whenever («i,£i), (iki£k)t (hO are distinct 
pairs, then 

Therefore, the Boolean algebra B generated by them is a c-algebra of cardinality L02 
and its Stone space K is a uniform Eberlein compact space of weight 102 ■ 

Proof. By 13.31 for all distinct (ix,€i), — 5 (iki€k), we have 

{(*,£)} g A« \(^i,€i u...u4, a ). 

So each A^ is nonempty and the condition (c) of Definition 11.41 is satisfied. It 
also follows directly from the fact that /'s are functions and that (i, £) G A^j that 
{A£ t i)£ <U2 are pairwise disjoint. □ 

For each E to x o^, let be a Q-name for A^j. 

Definition 3.5. Given qi = (Di, F\),q2 — (-D2,^2) G Q, we say that they are iso- 
morphic if there is an order-preserving bisection e : D\ — > D2 such that e|rj 1 n_D 2 = id 
andfor all f E Fn< w (cj, UJ2), f G F\ if and only if e[f] E F2, where e[f](i) = e(f(i)). 

Lemma 3.6. Let q% = (Dk,Fk) in Q, for 1 < k < m, be pairwise isomorphic 
conditions such that (Dk)i<k<m is a A-system with a countable root D. Then, 
there is q E Q, q < qi,...,q m such that for any distinct G to, any distinct 
1 < k, k' < m and any £ E Dk \ D and £' G Dy \ D we have 

gihi^ni |M , =0. 

Proof. We define q= (D q ,F q ) by letting D 9 = D X \J- ■ -UD m and F q = F ± U- ■ -UF m . 
Let us prove that q E Q and that q < qk for every 1 < fc < m. 

As finite unions of countable sets, D q and F q are countable. Notice that to x _D g = 
(w X .Di) U • • • U (to x D ro ) C Ft U • • • U F m = F q and that F q C Fn< w (w, £>i) U • • ■ U 
Fn< u (u;,-D ro ) C Fn<^{uj, D q ), so that g G Q. 

Fix 1 < fc < m and let us now show that q < qu- By the definition of q, D q D Dk 
and F q D Fk. Given f E F q , (Q) of Definition 13.11 is trivially satisfied if / G Fk- 
So, suppose / G Fy \ Fk for some k' ^ k and let e be the order-preserving bijection 
from D^ onto 13^ . Since qk and gfc< are isomorphic and / G Fy , we get that 
g = e[f] E F k . Let us prove that G/ n (uj x = G g n (w x D) C G 5 : given 
G Gf n (cj x Dfe), we have that f(i) = £ and since / G Fy C w x D/./, we get 
that £ G Dk fl -Dfc' = D. Then = e[/](t) = e(/(t)) = e(0 = f , since ^ E D. 
This proves that G/ n (w x C G g and concludes the proof. 

Now let i, i' E uj be distinct, 1 < k < k' < m and let ^ G Dk \ D and ^' G D k < \D. 
Note that in F q there is no function / such that f(i) = £ and f(i') = Let G 
be a Q-generic filter such that q E G. Given any q' G G, there is g" G G such 
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that q" < q,q'. By Definition 13.11 (Q). no function g £ A" satisfies g(i) = £ and 
g(i') — hence there is no such function in F q >. It follows from the definition 
of ^,i's that A^ t i n Agji = in V[G}. Since G was an arbitrary Q-generic filter 
containing q, we conclude that q lh Ag^ (~l A^, A , =0. □ 

Theorem 3.7. Assuming CH, given (q a ) a <u 2 £ Q> i/iere is A 6 suc/i £/ia£ 

/or every a± < ■ ■ ■ < a m £ A, there is q £ Q, q < q Ql , . . . g Qm ■ particular, Q 
satisfies the Wz-c.c. 

Proof. Let (g a )a<u) 2 £ Q, where each g Q = (A, A)- Using CH, by the A-system 
lemma for countable sets (see [11]), there is A 1 £ such that (A)aeA is a A- 

system with countable root A By thinning out using CH and counting arguments, 
in particular the fact that there are c = uii countable sets of the set of D u of 
cardinality c = ui\, there is A £ [A'] U2 such that for every a,/3 £ A, q a and qp 
are isomorphic. Now, given otx < ■ ■ • < a m £ A, by Lemma [2.51 there is q £ Q, 
Q < <Zai , * ■ * , q am , which concludes the proof. □ 

Lemma 3.8. Let q^ = (A, A) in Q, for 1 < k < m, be pairwise isomorphic 
conditions such that (A)l<fc<m is a A-system with a countable root D. Given, for 
all 1 < k < m, £fc £ A \ D and distinct i}. £ ui, there is q £ Q, q < q\, . . . , q m such 
that 

« lh 4,H n - n 4,i„^' 

Proof. We define q= (D q ,F q ) by letting D g = A U • • • U A™ and 

F q = F x U • • • U F m U {/„}, 

where /q = ■ • ■ , (! m ,(m)}- Let us check that q £ Q and that q < qk for 

every 1 < fc < m. 

As finite unions of countable sets, D q and A are countable. Notice that [u> x 
D q Y = [u X A] 1 U • • • U [cj X An] 1 C Fi U • • • U F m C F q and that F q \ {/ } C 
Fn< u (ui, Dx) U • • • U Fn< w (w, An) C fu< w (w, £>,). Since / £ Fn<^(uj, D x U • • • U 
An) C Fn< u (w, £>,), we get that g £ Q. 

Fix 1 < k < m and let us now verify that q < qt- By the definition of q, D q D A 
and F q D A- To check (Q) of Definition 13. 1| given f £ F q , let us consider three 
cases: 

Case 1. If / £ Fk, then (Q) is trivially satisfied. 

Case 2. If / £ A' \ Fk for some k' ^ fc, let e be the order-preserving bijection 
from Ac' onto A • Since qk and are isomorphic and / £ A' , we get that 
g = e[f] £ F k . Let us prove that G/ fl (u X A) = G g n (w x D) C G g : given 
(«,0 £ G/ n (w x Ac), we have that f(i) = £ and since / £ Fy C cj x Ac', we get 
that £ £ A n Ay = £>• Then = e[f](i) = e(f(i)) = e(f) = £, since £ £ D. 
This proves that Gf D (uj x A) Q G g , as we wanted. 

Case 3. If/ = /o = {(h, 6), ■ • • , (A, £m)}, then G/H(w x A) = C A 

by Definition 13. II 

Finally, since fo € F q) q forces that fo £ A^ ^ H • • • D Ag . and we get that 
< ? lhi | 1 ,u n '-- ni | m , im 



which concludes the proof. 



□ 
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Definition 3.9. II is the product of ujj, copies of Q, with countable supports, that 
is: 

n = {tt : dom{n) -> Q : dom{n) G [W3]-"}, 
ordered by ~k\ < 1^2 if dom(is\) 3 dom^) and for every a G dom^), 7Ti(a) <q 
7T2(a). Given ACu 3 , Zet 

n A = {vr G n : dom(7r) C A}. 
R is i/ie product of Cohen forcing adding U2 Cohen reals with II, i/iai is, 

R = F7l <a ,(u;2,2) XE 

Proposition 3.10. Given 70 G W3, i/ A = W3 \ {70}, t/ien i/ie forcing Ha is 
isomorphic to II and, therefore, 

K = Fn <w (w 2 , 2) X n ~ Fn <a ,(w 2 , 2) x n A x Q - R x Q. 

Proof. Lift a bijection between 0*3 and W3\{7o} to an isomorphism of II and 11^. □ 

Given a model V of CH and an R-generic filter G over V, for each 70 G W3, each 
£ G CJ2 and each i G uj, we define in V[G] the following set: 

-4f,i(7o) = {/ G Fr^^u^nU : 3r = (G,tt) G G such that / G i^^j and /(£) = £}. 
Let B 7o be a subalgebra of the Boolean algebra p(Fn< u (u), uj?)) generated by 
{^(70) : G w x w 2 }. 

Proposition 3.11. In V[G], we Ziaiie t/iorf /or every 70 G W3 and every i G w, 
(Aj i i(7o))^< W2 are pairwise disjoint nonempty sets such that whenever (£1, £1), (£&, (£, £) 
are distinct pairs, then 

^,c(7o) \ (^ 1) « 1 (7o) U ... U A 4fc A ( 7o )) ^ 0. 
Therefore, the Boolean algebra B l0 generated by them is a c-algebra of cardinality 
UI2 and its Stone space K l0 is a uniform Eberlein compact space of weight 102 ■ 

Proof. Fix 70 G uj 3 . By 13.31 for all distinct (ii,£i), (ik,£k), (i,£) we have 

{(£,0} G A a ( 7o ) \ (A 4l ^( 7o ) U ...U4, 6 ( To )). 

So each ^^(70) is nonempty and the condition (c) of Definition [L4] is satisfied. It 
follows directly from the fact that /'s are functions and that (£,£) G ^^(70) that 
(A^ i i(7o))^< LJ2 are pairwise disjoint. □ 

Since now we work in V. For each 70 G u>z and each (i, £) G uj x oj 2 , let ^^(70) 
be an R-name for ^^(70). 

Lemma 3.12. Assuming CH, given (r a ) a<U2 C R, i/iere is A G [w2] W2 swc/i £/iaf 
/or every a% < ■ ■ ■ < a m G A, there is r G R, r < r Ql , . . . r Qm . In particular, R is 

W2-CC. 

Proof. Let (r a ) a<W2 C R, where each r Q = (Gq,,^). Let B Q = dom(ir a ) G [^3]-". 
Using CH and the A-system lemma for countable sets, there is A' G [W2]" 2 such 
that (-Bo^QGyi' is a A-system with countable root B and that (dom(GQ,)) QeJ 4< is 
a A-system with finite root A. Using another standard counting argument we 
may assume that G q |a = G@\a for any a < ft G A'. By thinning out using 
further counting arguments and CH, there is A G [A'] 1 ^ 2 such that for every £ G B, 
(D ra ^)) ae A is a A-system with countable root and {^ a (^))aeA are pairwise 
isomorphic. 
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Fix «!<•••< a m G A. Let us define r = (C r ,n r ): put CV = C a± U • • • U C Um 
and dom(ir r ) = B ai U • • • U B am . For each (eB, let 7r r (^) G Q be the condition 
given by Lemma I3"1)I such that 7r r (£) < 7T ai ($), . . . ,fta m (Q- If £ G B ak \ B, let 

Clearly r G R and C r < C ak by the definition, for all 1 < fc < m. Also, both for 
£, E B and for £ G S Qfc \ -B, 7r r (£) < 7r Qfc (£), so that r < r Qfc for all 1 < fc < m. □ 

Theorem 3.13. // CiJ ftoWs in V, then V R \= "there is no Banach space X of 
density c = w 2 such that for every uniform Eberlein compact space K of weight at 
most c, C(K) can be isomorphically embedded into X". 

Proof. First note that R lh c = 0J2- By the product lemma ([H]), for any generic 
G C R, the extension V[G] is of the form V[i?i] [ffz] where Hi is a II-generic over V 
and i?2 is Fn <UJ (u2, 2)-generic over V[fl"i], The first forcing IT satisfies the u; 2 -c.c. 
by Lemma r3.12l and is cr-closed by Proposition [321 so U[-ffi] has the same cardinals 
as in V and satisfies the CH. The second forcing is equal to Fn< w (u; 2 , 2) since finite 
functions are the same in V and VfiTi]. Hence V[G] can be viewed as an extension 
of a model of CH by the Cohen forcing which adds w 2 Cohen reals. It is well-known 
(see [H]) that c = cj 2 holds in such models. 

We work in V. By contradiction, suppose that in V R there is a Banach space 
which contains an isomorph of every UG Banach space of density w 2 . Let X be an 
R-name for it. Since R lh \d(X)\ = c = u 2 , we get that R lh \X\ = c w = cj 2 , so that 
there is a family of R-names (v ri ) v<UJ2 such that R lh X — {v^ : rj < w 2 }. 

For each F G [o; 2 ] < ", let Ap C R be a maximal antichain in R such that for 
every r £ Ap, 

either r lh || > 1 or r lh | ii r) | < 1. 

r]£F rjEF 

Since R is w 2 -cc, each Ap has cardinality at most cui and for each (C,ir) G j4^, 
|<fom(7r)| < cj. Then, the set 

(J{dom(7r) : (C,tt) £ A F for some F G [w 2 ] <w and C G Fre <w (w 2 ,2)} 

has cardinality at most u;2- Fix 70 G such that for every F G [w 2 ] <w and every 
(C,7r) G Af, 70 ^ dom(7r). 

In y K , let K l0 be the Stone space of the c-algebra generated by the family 
(^4j j i(7o))^g tl j 2l ie w and let us show that C(K J0 ) does not embed isomorphically into 
X. For each (i,£) G w x cj 2 , let be an R-name for ^^(70). 

Suppose there is T : C(K l0 ) — > X an isomorphic embedding and without loss of 
generality, assume that R lh ||T|| = 1. Let r' G R and find r" < r' and m G w such 
that r" lh HT- 1 !! < m. 

For each a < w 2 , let {£/c(a) : 1 < fc < m} C cj 2 \ a have cardinality m and take 
r a G R with r a < r" and 771(a), . . . rj m (a) G w 2 such that 

r a lh VI < fc < 771 T( X[Aik(a) kho)] ) = v^ k(a) . 

Let r a = (C Q ,7T Q ), s q = (C a , ^a\u 2 \{7o}) e ^7i(iu 2 ,2) x n w2 \ {70 } and 7r a (7o) = 
(D a , F a ). Without loss of generality, bv l3.3l we may assume that £i(a), . . . , £ m (ot) G 
D a . Using CH and the A-system lemma for countable sets, we may assume that 
(D a )a<u> 2 is a A-system with a countable root D and that £i(a), . . . , ^ m (a) G D a \D 



ON ISOMORPHIC EMBEDDINGS 



13 



for each a < L02 and that for each a < ui2 the conditions 7^(70) are isomorphic in 
the sense of Definition 13.51 

By Proposition 13. 101 Fn(o>2,2) x II W2 \{- 70 } is isomorphic to E. So, given a± < 
■■• < a m , we can apply Lemma 13.121 to s ai , . . . , s am and get s G Fn(ui2^) x 
II W2 \{ 70 } such that s < s 

Let F = {771(0:1), . . . , TJmi^m)} an d since Ap is a maximal antichain in R which 
is contained in Fn{ui2, 2) x n^j^j, ^4j? is also a maximal antichain in Fn(u>2, 2) x 
II W2 \{ 70 }. Then, there is s' G Ap and s" G fn(w 2 , 2) xIL^^} such that s" < s, s'. 
Since s" < s' and s' E Ap, either 

s" lh H^oti) H h Wr) m (Q m )|| < 1 

or 

s" II- + ' •• + ^ m (a m )ll > 1- 

Case 1. s" forces that Hu^fai) + ••• + ^jj m (a m )]| > 1- 

In this case, let q g Q be such that q < ir ai (70), • ■ ■ , TTa m (70) obtained by 
Lemma T3. 61 and let r = (s",q) G R. Then, r < s", r < r ai , ■ ■ ■ ,r 0m and r < q < 
7i" ai (7o), ■ ■ •,7r c , m (7o). So, 

r lh vi < k < k> < m A ih(ak)Ak (70) n A 4 , K , ))lV (7o) = 

so that 

Since r < r ai r am , 

r lh VI < fe < m ^(X[i ffe(afe) ife ( T0 )]) = fy»(a»), 
so that, using the fact that R lh ||T|| = 1, we get that 

r lh + • • ■ + V(a»)ll ^ HX[^ l(ai)iii e»)] + ••• + X [^ m(Qm ), lm (7o)]H = 

contradicting the fact that r < s" and 

s " ^ H h W, )m(Qm )|| > 1. 

Case 2. s" forces that ( ai ) + • • • + Ufj m (a m )|| < 1. 

In this case, let q G Q be such that q < n ai (70), • ■ • , 7r am (70) obtained by 
Lemma \'3. 81 and let r — (s" , q) G R. Then, r < s", r < r ai , . . . , r am and r < q < 
7r Ql (7o),---,7ra. m (7o). So, 

r lh %(« I ),i 1 (7o) n • • • n i| m(Qm) , Jm (7o) ^ 

so that 

r ' h (70)1 + ■ ' ' + X[A iM , im (70)1 II = m - 

Since r < r Ql , . . . , r Qm , 

r lh VI < k < m T( X[ A ikiak) ikho)] ) = fy»(a»)> 
so that, using the fact that R lh ||T _1 || < m and that r < s", we get that 

r ' h '^[^(cij.n] + "' + X [^ m (= m) . Im ]ll - ll^ _1 H ' H^i + *'- + *<7m(a ro )|| < m > 
which contradicts our assumption. 

Since the condition r' G R was arbitrary, we showed that a dense subset of R 
forces the nonexistence of the embedding T, hence it does not exist in V[G). □ 
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